In this paper, we investigate the twisted algebra of the fermionic oscillators associated with Dirac field defined in κ-Minkowski spacetime. Starting from κ-deformed Dirac theory, which is invariant under the undeformed κ-Poincare algebra, using the twisted flip operator, we derive the deformed algebra of the creation and annihilation operators corresponding to the Dirac field quanta in κ-Minkowski space-time. In the limit a →0, the deformed algebra reduces to the commutative result.
Introduction
The noncommutative space-time was first introduced by Snyder in 1947 [1] as suggested by Heisenberg, with the aim of handling the UV divergences in quantum field theories. In recent times, there were many developments in quantum gravity and string theory, where this notion of space-time whose coordinates do not commute appeared naturally at the microscopic level [2, 3, 4, 5] and in this approach, coordinates of the space-time get quantized. This leads to the modification of the symmetry of the space-time. One such deformed symmetry algebra that has attracted wide attention in the study of quantum gravity is the κ-Poincare algebra and the associated space-time is called the κ-Minkowski space-time.
Different aspects of κ-deformed space-time and associated symmetry algebra have been studied extensively in recent times [6, 7, 8, 9, 10, 11] . In [12, 13] , κ-deformed Klein-Gordon equation was constructed and analysed. It was shown that the quantized field operators satisfy a deformed oscillator algebra. By applying this κ-deformed Klein-Gordon field to a uniformly accelerating detector, the modification of Unruh effect in κ-space-time was studied in [14] . This analysis was extended to the case of κ-deformed Dirac field in [15] . The κ-Dirac equation is constructed as in commutative space-time, by demanding that its square should be the κ-deformed Klein-Gordon equation. But the Dirac equation obtained in [16, 17, 18, 19] was not invariant under the spin-half representation of κ-Poincare algebra, whereas this problem was solved in [20] . But the square of the κ-Dirac equation obtained in [20] was related to the κ-deformed Pauli-Lubanski vector in contrast to the situation in commutative space-time. Using other approaches the Dirac equation in κ-space-time was constructed and studied in [21, 22, 23, 24, 25, 26, 27] . In this paper, we use κ-Dirac equation obtained in [28] , which is invariant under the undeformed κ-Poincare algebra. This κ-Dirac equation is constructed by using the Dirac derivative which transform like a 4-vector under the undeformed κ-Poincare algebra. The generators of the undeformed κ-Poincare algebra defined in terms of the commutative coordinates and corresponding derivatives [29, 30, 31, 32] .
The statistics and spin of quantum fields and corresponding particles do have important implications and hence of intrinsic interest. Thus, it is natural to ask how these notions are affected by noncommutativity of the spacetime. This has been studied for the various types of noncommutative spacetimes in [33, 34, 35, 36, 37, 38] . The noncommutative space-time do modify the symmetry algebra of the underlying space-time and it is known that the corresponding symmetry is described by a Hopf algebra. In the Hopf algebra approach, the symmetry algebra of the noncommutative space-time acts on the multiparticle states through the twisted coproduct of the generators of the algebra. This twist of the coproduct is necessitated by the requirement that the action of the symmetry algebra is compatible with the noncommutativity of the coordinates of the underlying space-time. This modification or deformation of the coproduct do affect the notion of statistics [34] . Conventionally, the statistics of multiparticle system is defined by the transformation property of the states under flipping of two particles. This action of flip operator and the action of underlying symmetry algebra should be compatible and this requirement is guaranteed since the coproduct and the flip operator commute in case of theories in the commutative space-time. Since in the noncommutative space-time, the symmetry is realized through the Hofp algebra whose coproduct is twisted, the usual flip operator do not commute with it [34, 35, 36, 37] . This leads to the modification of the statistics of the field quanta. For the particles described by κ-deformed Klein-Gordon equation this deformed statistics was obtained in [12] . Here, by demanding that the flip operator should commute with the twisted coproduct, a deformed coproduct was obtained and a twisted flip operator that commute with this twisted coproduct was also derived. Then by demanding that the multiparticle states of the κ-deformed scalar particle should be symmetric under the twisted flip operator, it was shown that the creation and annihilation operators corresponding to the κ-deformed Klein-Gordon theory satisfy the deformed oscillator algebra. In this paper, we extend this study to the κ-deformed Dirac quanta and derive the deformed algebra of the creation and annihilation operators corresponding to the field quanta described by κ-Dirac fermions.
This paper is organized as follows. In the next section, we give a brief summary of κ-Minkowski space-time and in section 3, we summarise the κ-Dirac equation obtained in [28] , required for our analysis. In section 4, we recall twisted flip operator for κ-Minkowski space-time obtained in [12] . Our main results are presented in section 5. Here, we derive the deformed algebra of creation and annihilation operators of κ-deformed Dirac field. We present our concluding remarks in section 6.
κ-Minkowski space-time
In this section, we present a brief summary of the κ-deformed space-time [29, 30, 31, 32] , which is an example of a noncommutative space-time whose coordinates obey Lie algebra type commutation relations, i.e.,
Here . Thus we find the commutation relations between the coordinate of κ-Minkowski space-time as
Note that a has the dimension of length. Using the Minkowski metric η µν = diag(-1,1,1,1) we define x µ = η µα x α and ∂ µ = η µα ∂ α which obeys the
The κ-Minkowski space-time coordinates can be expressed in terms the coordinates of commutative space-time x µ and corresponding derivatives ∂ µ as a power series asx
It is easy to see that these coordinate obeys [∂ µ ,x ν ] = φ µν (∂). Explicitly,x i andx 0 are given aŝ
Where A = −ia∂ 0 . Using equation (6) in equation (2), we find
where
satisfying boundary condition ϕ(0) = 1, ψ(0) = 1 and γ(0) = ϕ ′ (0) + 1 are finite and positive functions. Further demanding that commutator between generators M µν of undeformed κ-Poincare algebra and coordinates of κ-space-time must be linear inx µ and generators M µν , one get
We also demand that these commutators should have correct commutative limit. This leads to two type of possible realization, one where ψ = 1 and second one where ψ = 1 + 2A [29] . Here we restrict ourself to the realization ψ = 1. Thus, we find
and
For the realization ψ = 1, the explicit form of M µν are
Where
Here we note that in Minkowski space-time, generators of Poincare algebra are ∂ 0 , ∂ i andM µν = x µ ∂ ν − x ν ∂ µ . But it is clear that ∂ µ do not transform like a 4-vector under the transformations generated by M µν defined in Eqn. (10) and Eqn. (11) . Therefore one introduces Dirac derivative D µ , which transform like a 4-vector under the algebra generated by M µν given in Eqn. (10) and Eqn. (11) .
The symmetry algebra of the underlying κ-space-time is known as the undeformed κ-Poincare algebra. Their generators D µ and M µν obey [29, 30, 31, 32] [
We also note that the twisted coproduct of the rotation and boost generators [29, 30, 39] are
For realization ψ = 1, explicit form of Dirac derivative D µ are
The algebra defined in Eqns. 
The operator in the above satisfy
and the explicit form of the operator is
where ▽ 2 = ∂ i ∂ i and A = −ia∂ 0 . Note that ∂ i and ∂ 0 are the derivatives corresponding to the commutative space-time coordinates. It is clear that the Casimir, D µ D µ reduces to the usual relativistic dispersion relation in limit a → 0. ϕ appearing in above equations, characterizes arbitrary realization of the κ-space-time coordinates in terms of commutative coordinates and their derivatives.
κ-deformed Dirac equation and it's solution
The massless Klein-Gordon equation in the commutative space-time can be expressed as p µ p µ Φ(x) = 0, where p µ p µ is the Casmir operator of the Poincare algebra. Generalizing this procedure to κ-space-time one obtains the κ-deformed Klein-Gordon equation [12, 13, 29, 30, 31, 32] . Thus the generalized Klein-Gordon equation, invariant under the κ-Poincare algebra, is written, using the Casimir of the undeformed κ-Poincare algebra as
It is clear from above that the scalar field and the operator appearing in the κ-deformed Klein-Gordon equation are defined in the commutative spacetime itself. The deformed dispersion relation resulting from Eqn. (20) is
Where p 0 = −i∂ 0 and p i = −i∂ i . Now as in the commutative space-time, one constructs the Dirac equation by demanding that the square of Dirac equation should be the above Klein-Gordon equation. Thus one finds the κ-deformed Dirac equation as [28] (iγ
where D 0 , D i are the Dirac derivative defined in Eqn. (16) . It is easy to see that the square of above equation gives the κ-deformed Klein-Gordon equation given in Eqn. (20), as required. This κ-Dirac equation is invariant under the action of parity operator as well as time reversal operator [28] . The κ-Dirac equation for charged particle interacting with external electromagnetic field is obtained by replacing p µ by p µ − eA µ , where e is the electric charge of the particle and it was shown that this equation is not invariant under the charge conjugation [28] .
For the choice ϕ = e − A 2 , the field appearing in the κ-deformed Dirac equation (22) can be expressed as
In the above two equations, the effect of κ-deformation is contained in ω and ω ′ (see below for details). Here b, d, b † , d † are the fermionic annihilation and creation operators, respectively. As shown in [40] , the spinor representation under which the above κ-deformed spinors transform is characterised by σ µν = [γ µ , γ ν ] + which is unaffected by κ-deformation. All the effects of the deformation enter the discussion of Lorentz transformation solely through the boost parameter. Other than this transformation parameter, the information about the κ-deformation is contained only in the explicit expression of the energy ω and ω ′ appearing in Eqns. (23, 24). Now we show that the Dirac field given in Eqn. (23) and Eqn. (24) are the solution of Dirac equation which is given in Eqn. (22) .The κ-deformed Dirac equation given in Eqn. (22) has the same form as the Dirac equation in the commutative space-time. The only difference is that the derivative operators appearing in the κ-deformed equation are the deformed operators given in Eqn. (16) . Hence, it is easy to see that the plane wave solution to the κ-deformed Dirac equation will be same as in the commutative space-time. Thus the positive energy solution is of the form
and negative energy solution is
In above u s (p) and v s (p) are the positive and negative energy spinors. Now using Eqn. (25) and Eqn. (26) in Eqn. (22) we get
In the above P µ = −iD µ and the explicit form of D 0 and D i given in Eqn. (16) . It is easy to see that the Fourier transform of free field
where P 2 = P µ P µ satisfy the κ-deformed Dirac equation. It is easy to see that the integration measure
appearing in Eqn. (23) is invariant under the undeformed κ-Poincare algebra. The dispersion relation in Eqn. (21) 
Note that only H − has the correct commutative limit and hence we use only H − for the remaining calculations. i.e., 4 a 2 sinh
From above equation, we find
Note that we get commutative limit p 0 = p 2 i + m 2 , when a → 0. Thus all the effect of κ-deformation is to modify the energy p 0 of the system, as expected. To see that
is the invariant measure under the undeformed κ-Poincare algebra, we start form the four-dimensional momentum space (as in the commutative space-time) and carry out the integration over p 0 and obtain (with p 0 > 0, positive energy condition),
. (34) This shows that the integrand of Eqn. (23) is invariant under the undeformed κ-Poincare algebra.
Twisted flip operator
In this section, we present a brief summary of the twisted flip operator in the κ-deformed space-time [12, 13] . The coproduct △ ϕ of the partial derivatives in the realization given in Eqn. (6) are
where A x = −ia∂ x 0 and A y = −ia∂ y 0 . The twisted coproducts can be obtained from the untwisted ones by applying the twist element F ϕ . This twist element is the same as the one appearing in the definition of the star product. For any realization ϕ, the star product can be defined in terms of the twist element
where f and g are the functions of the commutative coordinates and m 0 is the usual point wise multiplication map in the commutative algebra of smooth functions (and m 0 (f ⊗ g) = f g). The star product of two functions f and g in the ϕ realization is given by
where △ ϕ is the twisted coproduct given in Eqn. (36) and the untwisted coproduct given by △ 0 (∂) = ∂ ⊗ I + I ⊗ ∂. The corresponding twist element given by
where △ ϕ satisfies the relation
Now using Eqns. (35) and (36) in Eqn. (39), we find
It is easy to show that [12, 13, 39] lim
Using above equation in Eqn.(41), we find
which can be written as
where N x = x i ∂ x i and N y = x i ∂ y i . By using the explicit expression for the twist element F ϕ , one can see that the deformed flip operator is of the form
This deformed flip operator is independent of the function ϕ that characterize the realization. Here τ 0 is the undeformed flip operator associated with exchange as
where, f and g represent bosonic fields. If f and g represent fermionic fields, we will have
The undeformed flip operator τ 0 commute with the corresponding coproduct of symmetry group, i.e.,
This shows that the statistics is unaffected by the action of the symmetry group.
In the κ-Minkowski space-time also it is desirable that the coproduct and flip operator commute. This requirement will provide a (anti)symmetrization procedure compatible with the action of twisted symmetry algebra in the κ-Minkowski space-time. It is easy to see that the flip operator τ 0 does not commute with the twisted coproduct, i.e.,
From above it is clear that the symmetrization or antisymmetrization carried out by τ 0 , is not preserved by the action of the twisted symmetry group. Therefore, we must have a new flip operator, called the twisted flip operator τ ϕ which satisfies the condition
Straight forward calculation shows that the twisted flip operator in Eqn.(45) satisfy the above requirement. Now we restrict to special case of ϕ realization given in Eqn. (6) . For this realization, we obtain the expression for twisted flip operator using Eqn.(44) as τ ϕ = e −AxNy+AyNx τ 0 ≡ e −A⊗N +N ⊗A τ 0 .
It is clear that in the limit a → 0, we get back the correct commutative limit.
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Conclusion
In this paper, we started with the second quantized Dirac field in the κ-Minkowski space-time and derived the deformed algebra of creation and annihilation operators corresponding to the fermions described by this Dirac field. This is done by demanding the compatibility of the flip operation and the action of the Hopf algebra, which is the symmetry algebra corresponding to the κ-deformed Minkowski space-time. The Hopf algebra structure do modify the notion of the flip operator and this changes the notion of statistics. Further by using a modified product, we show that the deformed algebra can be cast in the conventional form. In the limit a → 0, we recover the well known commutative result. We have seen here the Fermi-Dirac statistics is deformed in the κ-space-time. This will have the implications in the particle physics. We are studying effects of the deformed statistics on Unruh effect involving fermions in κ-space-time [14, 15] . Work along these lines in progress and reported separately.
